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2017-1-SAR-ST THOMAS 

Section A: [45 marks] 

 

Answer all questionsin this section. 

 

1.Given that log2 x+ 2 log4 y = 3, show that xy = 8.  Hence, solve for x and y which satisfy the 

simultaneous equations log10(2x + y) = 1 and log2 x + 2log4 y = 3.        [6 marks] 

2. Expand (1 + 
2𝑥

3
)

3

2
until the term in x3 in ascending powers of x.  State the range of x for 

which this expansion is valid.  Hence, evaluate √1.0043,  correct to 5 decimal places.   

            [6 marks] 

3. Show that the matrix (
3 −1 5
4 3 3
5 −4 −2

)is non-singular.      [2marks] 

Hence       

(a)  find its inverse using elementary row operations.           [4marks] 

           (b)solve the simultaneous   

         3x –y + 5z = 4  

         4x + 3y+ 3z= 3  

         5x – 4y –2z= 3               [3 marks]   

       

  4. Show that the equation 16x2 + 4y2 – 64x – 40y + 100 = 0 represents an ellipse and 

findthecentre, foci  and vertices. Hence, sketch its graph.     [7marks] 

 

5. A and B are two points which have position vectors 𝑂𝐴 ⃗⃗ ⃗⃗ ⃗⃗  = i + 2j – 2k,  𝑂𝐵 ⃗⃗⃗⃗⃗⃗  ⃗ = 2i –3j +6k 

respectively.The point P lies on AB such that AP : AB = 𝜆 : 1 where 𝜆 is a scalar. 

Show that 𝑂𝑃 ⃗⃗ ⃗⃗ ⃗⃗  = (1 + 𝜆)i + (2 – 5 𝜆 ) j  + (– 2 + 8 𝜆  ) k .    [2marks] 

(a) Given that 𝑂𝑃 ⃗⃗ ⃗⃗ ⃗⃗   is perpendicular to 𝐴𝐵 ⃗⃗ ⃗⃗ ⃗⃗  , show that 𝜆 = 
5

18
  .   [3 marks] 

(b) Find the position vector of P for which the angle AOP and the angle POB are the same. 

           [5 marks] 

  

6. Given that𝑧 =  
(cos 

𝜋

12
 + 𝑖 𝑠𝑖𝑛 

𝜋

12
)
4

(cos
𝜋

 10
 − 𝑖 𝑠𝑖𝑛 

𝜋

10
)
5
(cos

𝜋

 18
 + 𝑖 𝑠𝑖𝑛 

𝜋

18
)
3. 

 

(a) Write z in polar form.        [3 marks] 

(b) Show that z is a cube root of one.       [2marks] 

(c) Find (z2 – 1) ( z + 2) in the form x + i y where x and y are exact real numbers.   [2marks] 
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Section B : [15 marks] 

 

Answer one question only  in this section. 

 

 

7.  (a) (i)   Express 
𝑟+4

𝑟(𝑟+1)(𝑟+2)
in partial fractions.       [4marks]  

          (ii) Show that∑
𝑟 + 4

𝑟(𝑟+1)(𝑟+2)
= 

3

2

𝑛
𝑟=1 − 

2

𝑛+1
+ 

1

𝑛+2
   [4marks]  

         (iii) Find the value of 
5

1x 2 x 3 
+ 

6

2 x 3 x 4
+ 

7

3 x 4 x 5
+⋯+ 

12

8 x 9 x 10
  .   [3marks]  

    (b) Find the term independent of x in the expansion of (𝑥2 + 
2

𝑥
)
6

.                   [4marks]  

 

 

    8.  Given that the complex number 𝛼 = 1 + 4i satisfies the cubic equation  

  𝑧3 + 5 𝑧2  + k z + m = 0 , where k and m are real constants. 

 

a) Find 𝛼2 and  𝛼3 in the form a + bi.      [2 marks] 

 

b) Find the value of k and show that m  = 119.     [4 marks] 

 

c) Find the other two roots of the cubic equation.    [4 marks] 

 

d) Illustrate the three roots of the cubic equation on an Argand diagram and find the 

argument of each  root.        [3 marks] 

 

e) Verify that there is a constant c such that all three roots of the cubic equation satisfy 
|𝑧 + 2|  = c .         [2 marks] 
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2017 -1-SAR-ST Thomas  

NO SCHEME MARKS 

1 log2 x + 2 log4 y = 3 

log2 x + 2 
𝑙𝑜𝑔2𝑦

𝑙𝑜𝑔24
 = 3 

log2 xy  = 3 

xy = 23 = 8 (shown) 

 

M1 

M1 

 log10(2x  + y) = 1 

2x + y = 10      (1) 

xy   = 8            (2) 

2x + 
8

𝑥
 =10 

2x2 – 10x + 8  =0 

(x – 1 ) ( x – 4 ) = 0 

x = 1 or 4  

 

 

B1 

 

 

M1 

 

A1 

 When x = 1 , y = 8 

When x = 4, y= 2 

 

 x =1, y = 8;   x=4, y =2 A1 

2 
(1 + 

2𝑥

3
)

3

2
 = 1 + 

3

2
(
2𝑥

3
) + 

3

2
(
1

2
)

2!
(
2𝑥

3
)
2

+  
3

2
(
1

2
)(−

1

2
)

3!
(
2𝑥

3
)
3

+⋯            (1) 
M1 

           = 1 + x+ 
1

6
𝑥2 −  

1

54
𝑥3 +⋯ A1 

 The expansion is valid provided that |
2𝑥

3
| < 1 

−
3

2
< 𝑥 <

3

2
 

 

 

A1 

 √1.0043 = (1 + 0.004)3 

 

 

 2𝑥

3
 =0.004 

x=0.006 

 

B1 

 Substitute x = 0.006 into (1) 

√1.0043 = 1 + 0.006 + 
1

6
(0.006)2 −  

1

54
(0.006)3 +⋯ 

 

M1 

 ≈1.006006 

            = 1.00601 (5.d.p) 

 

A1 

3. 
Let A  = (

3 −1 5
4 3 3
5 −4 −2

) 

detA=3 |
3 3
−4 2

| − (−1) |
4 3
5 −2

| + 5 |
4 3
5 −4

| 

         =3(6) + 1(− 23 ) + 5 (− 31) 

          =  − 160 ≠ 0 

 

 

 

 

M1 

 

A1 

 Since the determinant of A is not zero, the matrix is singular. A1 

  

(
3 −1 5
4 3 3
5 −4 −2

|
1 0 0
0 1 0
0 0 1

) − 𝑅2 + 𝑅1  →  𝑅1 (
−1 −4 2
4 3 3
5 −4 −2

|
1 −1 0
0 1 0
0 0 1

) 

 

  

−𝑅1  →  𝑅1 (
1 4 −2
4 3 3
5 −4 −2

|
−1 1 0
0 1 0
0 0 1

) 
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−4𝑅1 + 𝑅2  →  𝑅2 (
1 4 −2
0 −13 11
0 −24 8

|
−1 1 0
4 −3 0
5 −5 1

) 

−5𝑅1 + 𝑅3  →  𝑅3 

 

M1 two  0’s 

  

−
1

13
𝑅2  →  𝑅2 (

1 4 −2

0 1 −
11

13

0 −24 8

|

−1 1 0

−
4

13

3

13
0

5 −5 1

) 

 

 

 

 

 

−4𝑅2 + 𝑅1  →  𝑅1

(

 
 
1 0

18

13

0 1 −
11

13

0 0 −
160

13

|
|

3

13

1

13
0

−
4

13

3

13
0

−
31

13

7

13
1
)

 
 

 

24𝑅2 + 𝑅3  →  𝑅3 

 

M1 

triangular 

‘0’ 

 

 

 

 

−
13

40
𝑅3  →  𝑅3

(

 
 
1 0

18

13

0 1 −
11

13

0 0 1

|
|

3

13

1

13
0

−
4

13

3

13
0

31

160
−

7

160
−

13

160)

 
 

 

 

  

11

13
𝑅3 + 𝑅2  →  𝑅2 

(

 
 1 0 0
0 1 0
0 0 1

|
|

−
6

160

22

160

18

160

−
23

160

31

160
−

11

160
31

160
−

7

160
−

13

160)

 
 

 

−
18

13
𝑅3 + 𝑅1  →  𝑅1 

 

 

A1 

 

 

 A -1 =  

(

 
 
−

6

160

22

160

18

160

−
23

160

31

160
−

11

160
31

160
−

7

160
−

13

160)

 
 

 

A1 

  

(
3 −1 5
4 3 3
5 −4 −2

)(
𝑥
𝑦
𝑧
) =  (

4
3
3
) 

 

 

 

 
(
𝑥
𝑦
𝑧
) = (

3 −1 5
4 3 3
5 −4 −2

)

−1

(
4
3
3
) 

M1 

 

 =
1

160
(
−6 22 18
−23 31 −11
31 −7 −13

)

−1

(
4
3
3
) 

M1 



 

 

5 

 

 
=  

1

160
(
96
−32
64
) 

 

 

= 

(

 
 

3

5

−
1

5
2

5 )

 
 

 

 

  

x = 
3

5
  ,   y = −

1

5
 ,   z =  

2

5
 

 

A1 

4 16x2 + 4y2 – 64x – 40y + 100 = 0 

16(x2 – 4 x) + 4(y2 – 10y)  = –100 

16(x – 2)2 + 4( y – 5)2  = 64 

 
(𝑥−2)2

4
  +  

(𝑦−5)2

16
= 1 

Ellipse 

 

 

M1 

 

A1 

 The centre of the ellipse is ( 2, 5) A1 

 a2 = 16 , b2 = 4 

c2 = a2 – b2 = 16 – 4 = 12 

c= √12  =2√3 

The foci are (2, 5 + 2√3) and (2, 5 + 2√3) 
The vertices are (2, 9) and  (2, 1) 

 

 

 

A1 

A1 

    y 

(2,9) 

 

 

 

            (2,5) 

 

 

            2,1) 

 

     0                                   x 

A1 shape  

      Intersect 

with y –axis 

 

A1  label 

5 
0𝐴⃗⃗⃗⃗  ⃗ =  (

1
2
−2
)0𝐵⃗⃗⃗⃗  ⃗ =  (

2
−3
6
)            A    𝜆      P   1- 𝜆 

                                                                                           B 

 

AP: AB = 𝜆 : 1          AP : PB = 𝜆   : 1 -  𝜆 

 

 
𝑂𝑃⃗⃗⃗⃗  ⃗ =  

𝜆𝑂𝐵⃗⃗ ⃗⃗  ⃗ + (1 −  𝜆)𝑂𝐴⃗⃗⃗⃗  ⃗

𝜆 + (1 − 𝜆)
 

       =𝜆 (
2
−3
6
)   + (1 – 𝜆)(

1
2
−2
) 

       = (
1 +  𝜆
2 − 5𝜆
−2 + 8𝜆

) 

       = (1 + 𝜆  )i + (2 – 5 𝜆 ) j  + (– 2 + 8 𝜆  ) k 

 

 

 

M1 

 

 

A1 
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5a) 
𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑂𝐵⃗⃗ ⃗⃗  ⃗ −  𝑂𝐴⃗⃗ ⃗⃗  ⃗ =   (

2
−3
6
) − (

1
2
−2
)  =  (

1
−5
8
) 

𝑂𝑃⃗⃗⃗⃗  ⃗  . 𝐴𝐵⃗⃗⃗⃗  ⃗ = 0  

(
1 +  𝜆
2 − 5𝜆
−2 + 8𝜆

) . (
1
−5
8
)  = 0 

1(1 +  𝜆)  − 5( 2 − 5𝜆) +8 ( −2 + 8𝜆) = 0 

−25 + 90𝜆 = 0  

𝜆 =  
5

18
 

 

 

 

 

M1 

 

M1 

 

A1 

 

 

(b) Angle AOP = angle POB 

𝑂𝐴⃗⃗⃗⃗  ⃗. 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐴⃗⃗ ⃗⃗  ⃗||𝑂𝑃⃗⃗ ⃗⃗  ⃗|
=
𝑂𝐵⃗⃗ ⃗⃗  ⃗. 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐵⃗⃗ ⃗⃗  ⃗||𝑂𝑃⃗⃗ ⃗⃗  ⃗|
 

 

(
1
2
−2
) . (

1 +  𝜆
2 − 5𝜆
−2 + 8𝜆

)

√12 + 22 + (−2)2
= 

(
2
−3
6
) . (

1 +  𝜆
2 − 5𝜆
−2 + 8𝜆

)

√22 + (−3)2 + 62
 

 
1 + 𝜆 + 2(2 − 5𝜆) − 2(−2 + 8𝜆)

√9
=  
2(1 +  𝜆) − 3(2 − 5𝜆) + 6( −2 + 8𝜆)

√49
 

 

 

370 𝜆  = 111 

𝜆  =  
3

10
 

𝑂𝑃⃗⃗⃗⃗  ⃗  =       

       = (

1 + 0.3
2 − 5(0.3)
−2 + 8(0.3)

) 

 

=

(

 
 
 

13

10
1

2
2

5 )

 
 
 

 

 

       = 
13

10
i + 

1

2
j  + 

2

5
k 

 

 

 

 

 

 

 

M1 

 

 

 

 

M1 

 

 

 

A1 

 

 

 

M1 

 

 

 

 

 

 

 

A1 

 

6 

(a) 𝑧 =  
(cos 

𝜋

12
 +  𝑖 𝑠𝑖𝑛 

𝜋

12
)
4

(cos
𝜋

 10
 −  𝑖 𝑠𝑖𝑛 

𝜋

10
)
5

(cos
𝜋

 18
 +  𝑖 𝑠𝑖𝑛 

𝜋

18
)
3 

 

=   
(cos 

𝜋

3
 + 𝑖 𝑠𝑖𝑛 

𝜋

3
)

(cos(−
𝜋

 2
) + 𝑖 sin(− 

𝜋

2
)) (cos

𝜋

6
 + 𝑖 𝑠𝑖𝑛 

𝜋

6
)
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ii 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Iii 

 

 

 

 

 

 

 

 

 

b 

          ∑
𝑟 + 4

𝑟(𝑟+1)(𝑟+2)
=𝑛

𝑟=1 ∑ (
2

𝑟
− 

3

𝑟+1
+ 

1

𝑟+2
)𝑛

𝑟=1   

                                           = ∑ (
2

𝑟
− 

2

𝑟+1
−

1

𝑟+1
+ 

1

𝑟+2
)𝑛

𝑟=1  

                                    = −2∑ (
1

𝑟+1
− 

1

𝑟
)𝑛

𝑟=1 + ∑ (
1

𝑟+2
− 

1

𝑟+1
)𝑛

𝑟=1  

                                             = −2(
1

𝑛+1
−1)  + (

1

𝑛+2
− 

1

2
) 

                                 =    
3

2
− 

2

𝑛+1
+ 

1

𝑛+2
  

 

5

1x 2 x 3 
+ 

6

2 x 3 x 4
+ 

7

3 x 4 x 5
+⋯+ 

12

8 x 9 x 10
  

=∑
𝑟 + 4

𝑟(𝑟+1)(𝑟+2)

8
𝑟=1  

=
3

2
− 

2

8+1
+ 

1

8+2
 

=1
17

45
        

(𝑥2 + 
2

𝑥
)
6

.                    

𝑈𝑟+1 = (
6
𝑟
) 𝑥2(6−𝑟) (

2

𝑥
)
𝑟

 

   =  (
6
𝑟
) 𝑥12−2𝑟2𝑟𝑥−𝑟 

 = (
6
𝑟
) 2𝑟𝑥12−3𝑟𝑥−𝑟 

The term independent of x is when  12 − 3𝑟 = 0 

                                                    r =  4 

When r = 4, the required term  is (
6
4
) 24  = 240 

 

 

 

 

 

M1 

 

 

A1 

 

 

A1 

 

 

 

 

 

 

B1 

 

 

M1 

 

A1 

 

 

 

 

 

B1 

 

 

 

 

 

A1 

 

 

 

M1 

 

A1 

8. 

(a) 

𝛼 = 1 + 4i 

𝛼2 = (1 + 4i)2 

   =– 15 + 8i 

 

𝛼3 = (1 + 4i)2(1 + 4i ) 

   = – 47 – 52i  

 

 

 

A1 

 

 

A1 
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