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2018-1-NS-KGV 

Section A [45 marks] 

Answer all questions. 

 

1. The functions f  and g are defined by 𝑓: 𝑥 →
2

3−2𝑥
 for 𝑥 ∈ ℝ, 𝑥 ≠

3

2
 and 𝑔: 𝑥 → 4𝑥 + 𝑎 for 𝑥 ∈ ℝ, 

where 𝑎 is a constant. 

(a) Find an expression for 𝑓−1(𝑥).       [3 marks] 

(b) Find the possible values of 𝑎 given that the equation 𝑓−1(𝑥) = 𝑔−1(𝑥) has two equal roots. 

[4 marks] 

 

 

2. In the expansion of (
1

𝑎𝑥
+ 2𝑎𝑥2)5, the coefficient of 𝑥 is 5. Find the value of the constant 𝑎.  

            [4marks] 

 

3. Matrix P is given byP = (
1 0 0
1 −2 0

−1 3 1
) for which P2 +kP + jI = 0. 

 

(a) Find the values of k and j.        [5 marks] 

(b) Hence, deduce P3 and P-1.        [5 marks] 

 

 

4. Given that  z + 6iz = 5 – 7i. 

(a) Find z in the polar form.        [5 marks] 

(b) Use the de Moivre’s theorem, show that z8 = 16     [3 marks] 

 

 

5.    The line 2x + 5y -10 = 0 is a tangent to the circle at A(-2, 5). The centre of the circle lies in the  

line x + y – 4 = 0. 

(a) Find the centre and radius of the circle. Hence, write down the equation of the circle. 

[7marks] 

(b) Determine if the point P(3, -7) lies inside or outside the circle.    [3 marks] 

 

 

6.    The points A and B have position vectors given by 𝑂𝐴⃗⃗⃗⃗  ⃗ = i – 2j + 2k and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 3i + j + k. The    

linel has equation r = 2i + j + mk + 𝜇(i– 2j – 4k), where m is a constant. Given that the line l 

intersects the line passing through A and B, find the value of m.    [6marks] 
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Section B [15 marks] 

Answerone question only. 

 

7    (a) The polynomial 𝑝(𝑥)is defined by 

𝑝(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 − 17𝑥 − 𝑎,  

where𝑎 and 𝑏 are constants. It is given that (𝑥+2) is a factor of 𝑝(𝑥)and that the remainder  

is 28 when 𝑝(𝑥)is divided by (𝑥−2).  

 

(i) Find the values of 𝑎and 𝑏.         [6marks] 

(ii) Hence factorise 𝑝(𝑥)completely.       [2marks] 

(iii) State the number of roots of the equation 𝑝(2𝑦)=0, justifying your answer.   [2marks] 

 

       (b) Solve the equation 2ln(2x) – ln (x+3) =ln (3x+5).      [5marks] 

 

 

 

8.    (a) Given that 𝑢𝑟 = (
1

4
)
2𝑟−3

+ (
1

4
)
2𝑟−1

. 

(i) Express
=

n

r

ru
1

in terms of  𝐴 (1 −
𝐵

16𝑛), where 𝐴 and 𝐵 are two constants to be        

determined.          [7marks] 

 

           (ii) Determine the sum to infinity of this series.     [2marks] 

(b) Evaluate 


=1
210

1

r
r .         [3 marks] 

(c) Hence, express 0.393939…(= 0.39̅̅̅̅ )as a fraction in its lowest form.  [3 marks] 
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2018-1-NS-KGV-MARKING SCHEMES 

 

1. (a) 𝑓: 𝑥 →
2

3−2𝑥
 , 𝑥 ∈ ℝ , 𝑥 ≠

3

2
 

Let 𝑓−1(𝑥) = 𝑦 

𝑓(𝑦) = 𝑥 
2

3−2𝑦
= 𝑥         M1 

3 − 2𝑦 =
2

𝑥
 

𝑦 =
3

2
−

1

𝑥
        M1 

 𝑓−1(𝑥) =
3

2
−

1

𝑥
 , 𝑥 ≠ 0       A1 [3] 

   (b)𝑔: 𝑥 → 4𝑥 + 𝑎, 𝑥 ∈ ℝ 

𝑔−1(𝑥) =
𝑥−𝑎

4
 , 𝑥 ∈ ℝ        B1 

𝑓−1(𝑥) = 𝑔−1(𝑥)   

3

2
−

1

𝑥
=

𝑥−𝑎

4
         M1 

3𝑥 − 2

2𝑥
=  

𝑥 − 𝑎

4
 

𝑥2 − 𝑥(𝑎 + 6) + 4 = 0 

 Since 𝑓−1(𝑥) = 𝑔−1(𝑥)has two equal roots, (𝑎 + 6)2 − 16 = 0  M1 

      𝑎 = -2 or  -10   A1 [4] 

 

2. The term in 𝑥 = (5
2
)(

1

𝑎𝑥
)3(2𝑎𝑥2)2       B1 

The coefficient of 𝑥 = 10(
1

𝑎
)3(2𝑎)2 = 5               M1M1 

     𝑎 = 8         A1     [4] 

 

3. (a) P2 = (
1 0 0

1 −2 0

−1 3 1

)(
1 0 0

1 −2 0

−1 3 1

)         M1 

  = (
1 0 0

−1 4 0

1 −3 1

)           A1 

P2 + kP + jI = 0 

(
1 0 0

−1 4 0

1 −3 1

) + k(
1 0 0

1 −2 0

−1 3 1

) + j(
1 0 0

0 1 0

0 0 1

) = (
0 0 0

0 0 0

0 0 0

)     M1 

1 – k = 0 -----(1)   

k = 1   

      1 + k + j = 0 -----(2)      either equation   M1 

      1 + 1 + j = 0 

 j = -2       both correct    A1 [5] 
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(b) P2 + kP + jI = 0 

P2 + P-2I = 0 

  P2=2I –P 

 P2P=2IP–PP        M1  

  P3 = 2P–P2 

         = 2P – (2I –P) 

         = 3P - 2I 

        = 3(
1 0 0

1 −2 0

−1 3 1

) - 2(
1 0 0

0 1 0

0 0 1

)       M1 

       = (
1 0 0

3 −8 0

−3 9 1

)          A1 

  P2=2I –P 

  P2P-1=2IP-1–PP-1 

  P = 2P-1– I 

        P-1 = 
1

2
 (P + I) 

             = 
1

2
[(

1 0 0

1 −2 0

−1 3 1

) + (
1 0 0

0 1 0

0 0 1

)]      M1 

   = (
1 0 0

0.5 −0.5 0

−0.5 1.5 1

)        A1 [5] 

 

4. (a) z + 6iz = 5 – 7i 

z (1 + 6i) = 5 – 7i 

z = 
5−7𝑖

1+6𝑖
 x 

1−6𝑖

1−6𝑖
          M1 

 = 
−37−37𝑖

1+36
 

  = -1 –i        A1 

|𝑧| = √(−1)2 + (−1)2 

 = √2            A1 

Argz = −𝜋 + 𝑡𝑎𝑛−11 

  = −
3𝜋

4
           A1 

z = √2 [cos (−
3𝜋

4
) + 𝑖𝑠𝑖𝑛 (−

3𝜋

4
)]        A1 

  

   = √2 [cos
3𝜋

4
− 𝑖𝑠𝑖𝑛

3𝜋

4
]           or   A1 [5] 

z8 = {√2 [cos (−
3𝜋

4
) + 𝑖𝑠𝑖𝑛 (−

3𝜋

4
)]}

8
      M1 

 = 16 [cos 8 (−
3𝜋

4
) + 𝑖𝑠𝑖𝑛 8 (−

3𝜋

4
)]      M1 

 = 16 [cos (−6𝜋) + 𝑖𝑠𝑖𝑛 (−6𝜋)] 

        = 16 [1 + 0] 

 = 16            A1 [3] 
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5. (a) Gradient of tangent = −
2

5
       B1 

Let C(h,k) be the centre of circle. 

     𝑚𝐴𝐶 = 
𝑘−5

ℎ+2
=

5

2
          

            2𝑘 - 10 = 5ℎ + 10 

2𝑘 −5ℎ = 20 ----(1) 

 ℎ +  𝑘 = 4 ----- (2)       either equation   M1 

  ℎ = 4 − 𝑘 

 2𝑘 − 5(4 − 𝑘) = 20    solve for h & k   M1 

   𝑘 =
40

7
 

   ℎ = −
12

7
 

Therefore, centre of circle is (−
12

7
,
40

7
)     A1 

Radius = √(−2 +
12

7
)
2

+ (5 −
40

7
)
2

        M1 

   = 
√29

7
           A1 

Equation of circle: (𝑥 +
12

7
)
2

+ (𝑦 −
40

7
)
2

=
29

49
    A1 [7] 

(b) Distance of  P from the centre = √(3 +
12

7
)
2

+ (−7 −
40

7
)
2

    M1 

               = 
√9010

7
 

     Since 
√9010

7
> radius=

√29

7
, therefore P lies outside the circle.   M1A1 [3] 

 

6. 𝐴𝐵⃗⃗⃗⃗  ⃗ =  (
3
1
1
) − (

1
−2
2

) =  (
2
3

−1
)         M1 

The line passing through A and B, r = (
3
1
1
) +  𝜆 (

2
3

−1
)       A1 

 

(
3
1
1
) +  𝜆 (

2
3

−1
) =  (

2
1
𝑚

) +  𝜇(
1

−2
−4

)        M1 

 

     3 + 2𝜆 = 2 + 𝜇 

𝜇 − 2𝜆 = 1----(1) 

     1 + 3𝜆 = 1 - 2 𝜇            equate two pairs of component and solve    M1 

𝜇 =  −
3

2
𝜆 (Substitute into (1)) 

𝜆 =  −
2

7
  , 𝜇 = 

3

7
           A1 

      1 + 
2

7
 = 𝑚 – 4 x 

3

7
 

𝑚 = 3            A1 [6] 
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7a.(i)𝑝(−2) = 𝑎(−2)3 + 𝑏(−2)2 − 17(−2) − 𝑎 = 0     M1 

    −9𝑎 + 4𝑏 = −34-------(1) 

𝑝(2) = 𝑎(2)3 + 𝑏(2)2 − 17(2) − 𝑎 = 28      M1 

    7𝑎 + 4𝑏 = 62-------(2) both (1) & (2) correct     A1 

     16𝑎 = 96  solving equations M1 

     𝑎 = 6 

     𝑏 = 5    A1A1     [6] 

(ii) 𝑝(𝑥) = 6𝑥3 + 5𝑥2 − 17𝑥 − 6 

  = (𝑥 + 2)(6𝑥2 − 7𝑥 − 3)      M1 

   = (𝑥 + 2)(3𝑥 + 1)(2𝑥 − 3)      A1     [2] 

 (iii) 𝑝(2𝑦) = 6(2𝑦)3 + 5(2𝑦)2 − 17(2𝑦) − 6 = 0 

  (2𝑦 + 2)[3(2𝑦) + 1][2(2𝑦) − 3] = 0 

          Since 2𝑦 > 0 ∀ 𝑦 ∈ ℝ        M1 

therefore there is only 1 root.      A1 [2] 

 

b. 2ln(2𝑥) − ln(𝑥 + 3) = ln(3𝑥 + 5) 

𝑙𝑛(2𝑥)2 − ln(𝑥 + 3) = ln(3𝑥 + 5)         M1 

𝑙𝑛
(2𝑥)2

(𝑥+3)
=  ln(3𝑥 + 5)           M1 

 
(2𝑥)2

(𝑥+3)
= (3𝑥 + 5) 

 4𝑥2 = (3𝑥 + 5)(𝑥 + 3)         M1 

            = 3𝑥2 + 14𝑥 + 15 

 𝑥2 − 14𝑥 − 15 = 0        M1 

 (𝑥 − 15)(𝑥 + 1) = 0 
 𝑥 = 15or𝑥 =  −1 

      Since ln(−2) is not defined, therefore 𝑥 = 15       A1 [5] 

 

8. (a) (i) 𝑢𝑟 = (
1

4
)
2𝑟−3

+ (
1

4
)
2𝑟−1

 

 = 
43

42𝑟
+

4

42𝑟
          M1 

           = 64(
1

4
)
2𝑟

+ 4(
1

4
)
2𝑟

 

           = 68(
1

4
)
2𝑟

          A1 


=

n

r

ru
1

= 68
=









n

r

r

1

2

4

1
 

         = 68[(
1

4
)
2
+ (

1

4
)
4
+ (

1

4
)
6
+ ⋯+ (

1

4
)
2𝑛

]      M1 

         = 68(
1

4
)
2
[1 + (

1

4
)
2
+ (

1

4
)
4
+ ⋯+ (

1

4
)
2(𝑛−1)

] 

         = 
68

16
[
1−(

1

4
)
2𝑛

1−(
1

4
)
2 ]         M1 

         = 
68

15
[1 − (

1

4
)
2𝑛

] 

         = 
68

15
(1 −

1

16𝑛)         A1 
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