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Section A (45 marks) 
Answer all the questions in this section. 

 

 

1. Functions 𝑓(𝑥) and 𝑔(𝑥), each defined for −1 < 𝑥 < 1, are given by 
𝑓(𝑥) = ln(1 − 𝑥) and 𝑔(𝑥) = 𝑥2.   
(i)  Find 𝑓−1(𝑥) and state its domain and range.  

  
(ii) Show that 𝑓(𝑥) + 𝑓(−𝑥) = 𝑓 ∘ g.   

 
   

 
 

[4 marks] 
 

[3 marks] 

2. Find ∑ (1 − 2𝑟)2𝑛
𝑟=1  in term of 𝑛.  Give your answer in a fully factorized 

form.  Hence, evaluate  

∑(1− 2𝑟)2
75

𝑟=25

 

 

 
[6 marks] 

3. (a)  Show that the determinant of the matrix  

𝐴 = (
𝑥2 𝑥 1
𝑦2 𝑦 1

𝑧2 𝑧 1

) 

      is (𝑦 − 𝑥)(𝑧 − 𝑥)(𝑦 − 𝑧).    
     If 𝑥 = 𝑦 = 2 and 𝑧 𝜀 ℜ, deduce that 𝐴 is a singular matrix. 
 
(b)  By substituting 𝑥 = 1, 𝑦 = 2 and 𝑧 = 3, find the inverse of matrix A. 
 

 

 
 
 
 
 

[4 marks] 
 

[4 marks] 

4.  Express the complex numbers √3 + 𝑖  and 2 − 2𝑖  in polar form. 

Determine (
√3+𝑖

2−2𝑖 
)
10

.    Hence , solve the equation 𝑧3 = (
√3+𝑖

2−2𝑖 
)
10

 , giving 

each answer in polar form.                                                              

                                          

 
 
 
 

[9 marks] 

5. The conic section given by 9𝑦2 − 4𝑥2 + 18𝑦 + 16𝑥 − 43 = 0 
(a) Express the equation in the standard form. 
(b) Determine the coordinates of the centre, the vertices and the foci of 

the hyperbola. 
(c) Find the equations of the asymptotes and sketch the graph. 

 
 

 
[2marks] 
 
[5 marks] 
[2 marks] 
 

6. 𝑂𝐴⃗⃗⃗⃗  ⃗ and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ are two vectors such that 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 + 2𝒃, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 2𝒂 − 𝒃 and 

𝑂𝐴⃗⃗⃗⃗  ⃗  and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ are mutually perpendicular. a and b are magnitudes of a, b 
respectively. 

(a)  Show that a. 𝒃 =
2

3
𝑏2 − 𝑎2. 

(b) If 𝒂 has magnitude 4 units and 𝒃 has magnitude 5 units, find the 
angle between 𝒂 and 𝒃. 

 
 
 

[3 marks] 
 

[3 marks] 

Section B (15 marks)  
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Answer only one question from this section 
 

7. Polynomial P(x) = 2x3 + ax2 + bx + 6 is divisible by (x − 3) but leaves 
a remainder of −12 when it is divided by (x + 1). 

(a)  Find the value of a and b.      
(b)  Factorise P(x) completely.      
(c)  Solve the equation 6x3 + bx2 + ax + 2 = 0.  
(d)  Find the set of values of x such that P 

𝑃(x) < (x − 2)(x − 3)(x + 3) 
 

 
 

[4 marks] 
[2 marks] 
[4 marks] 

 
[5 marks] 

8.  Figure shows a tetrahedron.   
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(i) Find the lengths of the edges AB and AC and the size of the angle 
CAB.  Hence, calculate the area of triangle ABC. 

(ii) Show that 4𝑖 − 3𝑗 + 10𝑘 is normal to the plane ABC.  Hence find 
the equation of this plane. 

(iii) Write down a vector equation for the line through D 
perpendicular to the plane ABC and find the point of intersection 
of this line with the plane ABC. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[6 marks] 
 

[4 marks] 
 

[5 marks] 
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Marking Scheme 

Section A (45 marks) 
Answer all the questions in this section. 

 

 

1. Functions 𝑓(𝑥) and 𝑔(𝑥), each defined for −1 < 𝑥 < 1, are given by 
𝑓(𝑥) = ln(1 − 𝑥) and 𝑔(𝑥) = 𝑥2.   
(i)  Find 𝑓−1(𝑥) and state its domain and range.  

  
(ii) Show that 𝑓(𝑥) + 𝑓(−𝑥) = 𝑓 ∘ g.     

 
 

[4 marks] 
 

[3 marks] 

(i)  𝑙𝑒𝑡 𝑓−1(𝑥) = 𝑦 
𝑓−1(𝑥) = 𝑦 
ln(1 − 𝑦) = 𝑥 

𝑦 = 1 − 𝑒𝑥 
∴ 𝑓−1(𝑥) = 1 − 𝑒𝑥 
𝐷𝑜𝑚𝑎𝑖𝑛 𝑓 = {𝑥𝜖ℜ𝑥 < 𝑙𝑛2} 
𝑟𝑎𝑛𝑔𝑒 𝑓 = {𝑦𝜖ℜ,−1 < 𝑦 < 1} 

     (ii)     𝑓(−𝑥) = ln(1 + 𝑥) 
              𝑓 ∘ g = ln(1 − x2) 

𝑓(𝑥) + 𝑓(−𝑥) = ln(1 − 𝑥) + ln(1 + 𝑥) 
= ln[(1 − 𝑥) (1 + 𝑥)] 

= ln(1 − 𝑥2) 
=  𝑓 ∘ g 

 

 

2. Find ∑ (1 − 2𝑟)2𝑛
𝑟=1  in term of 𝑛.  Give your answer in a fully 

factorized form.  Hence, evaluate  

∑(1− 2𝑟)2
75

𝑟=25

 

 

 
[6 marks] 

∑(1 − 2𝑟)2
𝑛

𝑟=1

=∑1− 4

𝑛

𝑟=1

∑𝑟+ 4∑𝑟2
𝑛

𝑟=1

𝑛

𝑟=1

 

= 𝑛 − 4(
𝑛(𝑛 + 1)

2
) + 4(

1

6
(𝑛)(𝑛 + 1)(2𝑛 + 1)) 

=
1

3
𝑛(3 − 6(𝑛 + 1) + 2(𝑛 + 1)(2𝑛 + 1) 

=
1

3
𝑛(2𝑛 − 1)(2𝑛 + 1) 

 

∑(1− 2𝑟)2
75

𝑟=25

=
1

3
(75)(150 − 1)(150 + 1) −

1

3
(25)(50 − 1)(50 + 1) 

= 544051 
 

 

3. (a)  Show that the determinant of the matrix  

𝐴 = (
𝑥2 𝑥 1
𝑦2 𝑦 1

𝑧2 𝑧 1

) 

 
 
 
 

{𝐌𝟏 

A1 

A1 

A1 

M1 

M1 

M1 

M1 

M1 

A1 

M1 

A1 
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      is (𝑦 − 𝑥)(𝑧 − 𝑥)(𝑦 − 𝑧).    
     If 𝑥 = 𝑦 = 2 and 𝑧 𝜀 ℜ, deduce that 𝐴 is a singular matrix. 
(b)  By substituting 𝑥 = 1, 𝑦 = 2 and 𝑧 = 3, find the inverse of matrix A . 

 
[4 marks] 
[4 marks] 

(a)                      |𝐴| = |
𝑥2 𝑥 1
𝑦2 𝑦 1

𝑧2 𝑧 1

| 

= |
𝑥2 𝑥 1

𝑦2 − 𝑥2 𝑦 − 𝑥 0

𝑧2 − 𝑥2 𝑧 − 𝑥 0

| 

= |
𝑦2 − 𝑥2 𝑦 − 𝑥

𝑧2 − 𝑥2 𝑧 − 𝑥
| 

= (𝑦2 − 𝑥2) (𝑧 − 𝑥) − (𝑧2 − 𝑥2) (𝑦 − 𝑥) 
= (𝑦 − 𝑥)(𝑧 − 𝑥)(𝑦 + 𝑥 − 𝑧 − 𝑥) 
= (𝑦 − 𝑥)(𝑧 − 𝑥)(𝑦 − 𝑧)(𝑠ℎ𝑜𝑤𝑛) 

(b)  

𝐴 = (
1 1 1
4 2 1
9 3 1

) 

|𝐴| = (2 − 1)(3 − 1)(2 − 3) 
= −2 

𝑎𝑑𝑗𝑜𝑖𝑛𝑡 𝐴 =

(

  
 

|
2 1
3 1

| − |
4 1
9 1

| |
4 2
9 3

|

− |
1 1
3 1

| |
1 1
9 1

| − |
1 1
9 3

|

|
1 1
2 1

| − |
1 1
4 1

| |
1 1
4 2

| )

  
 

𝑇

 

= (
−1 5 −6
2 −8 6
−1 3 −2

)

𝑇

 

= (
−1 2 −1
5 −8 3
−6 6 −2

) 

𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗𝑜𝑖𝑛𝑡 𝐴 

=
1

−2
(
−1 2 −1
5 −8 3
−6 6 −2

) 

 

𝐴−1 = (

1

2
−1

1

2

−
5

2
4 −

3

2

3 −3 1

) 

 

4.  Express the complex numbers √3 + 𝑖  and 2 − 2𝑖  in polar form. 

Determine (
√3+𝑖

2−2𝑖 
)
10

.    Hence , solve the equation 𝑧3 = (
√3+𝑖

2−2𝑖 
)
10

 , giving 

each answer in polar form.                                                                                                       

 
 
 
 

[9 marks] 

M1 

M1 

M1 

A1 

A1 

M1 

M1 

A1 
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5. The conic section given by 9𝑦2 − 4𝑥2 + 18𝑦 + 16𝑥 − 43 = 0 
(a) Express the equation in the standard form. 
(b) Determine the coordinates of the centre, the vertices and the foci of 

the hyperbola. 
(c) Find the equations of the asymptotes and sketch the graph. 

 
[2marks] 
 
[5 marks] 
[2 marks] 

(a)     9𝑦2 − 4𝑥2 + 18𝑦 + 16𝑥 − 43 = 0 
9𝑦2 + 18𝑦 − 4(𝑥2 − 4𝑥) − 43 = 0 

9[(𝑦 + 1)2 − 1] − 4[(𝑥 − 2)2 − 4] − 43 = 0 
9(𝑦 + 1)2 − 4(𝑥 − 2)2 = 36 
(𝑦 + 1)2

4
−
(𝑥 − 2)2

9
= 1 

(b)  Centre = (2,−1) 

𝑐 = √4 + 9 

 

B1 

B1 

M1 

M1 must 

include 

𝟐𝝅𝒌 

B1 for 
𝟏

𝟑𝟐
 

A1 

A1 

A1 

M1 

A1 

A1 

B1 
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7.  Polynomial 𝑃(𝑥) = 2𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 6 is divisible by (𝑥 − 3) but 
leaves a remainder of −12 when it is divided by (𝑥 + 1). 

(a)  Find the value of a and b.      
(b)  Factorise P(x) completely.      
(c)  Solve the equation 6x3 + bx2 + ax + 2 = 0.  
(d)  Find the set of values of x such that P 

𝑃(x) < (x − 2)(x − 3)(x + 3) 
 

 
 

[4 marks] 
[2 marks] 
[4 marks] 

 
[5 marks] 

(a)  𝑃(3) = 0 
 54 + 9𝑎 + 3𝑏 + 6 = 0 

 9𝑎 + 3𝑏 = −60 
3𝑎 + 𝑏 = −20 − − − (1)     

 𝑃(−1) = −12 
−2 + 𝑎 − 𝑏 + 6 = 0 

𝑎 − 𝑏 = −4 − − − (2)       
(1) + (2):  4𝑎 = −24 

𝑎 = −6        
  
∴ 𝑏 = −2 

Therefore 𝑎 = −6 𝑎𝑛𝑑 𝑏 = −2    
  

 

(b)  𝑃(𝑥) = 2𝑥3 − 6𝑥2 − 2𝑥 + 6 

                                 = (𝑥 − 3)(2𝑥2 − 2) 
               = 2(𝑥 − 3)(𝑥2 − 1)      
                   = 2(𝑥 − 3)(𝑥 − 1)(𝑥 + 1)    

  
 

(c)  6𝑥3 + 𝑏𝑥2 + 𝑎𝑥 + 2 = 0 

6𝑥3 − 2𝑥2 − 6𝑥 + 2 = 0 

3𝑥3 − 𝑥2 − 3𝑥 + 1 = 0       
(𝑥 − 1)(3𝑥2 + 2𝑥 − 1) = 0       
(𝑥 − 1)(3𝑥 − 1)(𝑥 + 1) = 0 

𝑥 = 1, 𝑥 =
1

3
 𝑜𝑟 𝑥 = −1 

Hence the solution is 𝑥 = 1, 𝑥 =
1

3
 𝑎𝑛𝑑 𝑥 = −1  

   
 

 (d)  𝑃(𝑥) < (𝑥 − 2)(𝑥 − 3)(𝑥 + 3) 
 2(𝑥 − 3)(𝑥 − 1)(𝑥 + 1) < (𝑥 − 2)(𝑥 − 3)(𝑥 + 3) 
 2(𝑥 − 3)(𝑥 − 1)(𝑥 + 1) − (𝑥 − 2)(𝑥 − 3)(𝑥 + 3) < 0   
 (𝑥 − 3)[2(𝑥 − 1)(𝑥 + 1) − (𝑥 − 2)(𝑥 + 3)] < 0 

 (𝑥 − 3)[2(𝑥2 − 1) − (𝑥2 + 𝑥 − 6)] < 0    

 (𝑥 − 3)[𝑥2 − 𝑥 + 4] < 0 

 (𝑥 − 3) [(𝑥 −
1

2
)
2
+
15

4
] < 0     

   

 
 
 

M1 

M1 

M1 

A1 A1 

M1 

M1 

M1 

B1 

A1 

M1 

M1 

M1 
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 𝑠𝑖𝑛𝑐𝑒 (𝑥 −
1

2
)
2
≥ 0, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 (𝑥 −

1

2
)
2
+
15

4
> 0 ∀𝑥 ∈ ℝ 

  
             𝐻𝑒𝑛𝑐𝑒, 𝑥 − 3 < 0 ⟹ 𝑥 < 3 
 ∴ 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 𝑖𝑠 {𝑥: 𝑥 < 3}    
   

(i)  𝐴𝐵⃗⃗⃗⃗  ⃗ = (
−2
−1
−1
)  

 𝐴𝐶⃗⃗⃗⃗  ⃗ (
−1
−11
3
) 

(ii) a. 𝐴𝐵⃗⃗⃗⃗  ⃗ = (−
2
1
−3
)(
−2
−1
−1
) = −4+ 1 + 3 = 0 

a. 𝐴𝐶⃗⃗⃗⃗  ⃗ = (−
2
1
−3
)(

−
−11
3
) = −2 + 11 − 9 = 0 

plane : 𝒓. 𝒏 = 𝒂. 𝒏 

(
𝑥
𝑦
𝑧
)(

2
−1
−3
) = (

1
3
−2
)(

2
−1
−3
) 

2𝑥 − 𝑦 − 3𝑧 = 2 − 3 + 6 
2𝑥 − 𝑦 − 3𝑧 = 5 
 

 

8.  Figure shows a tetrahedron.   
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(i) Find the lengths of the edges AB and AC and the size of the angle 
CAB.  Hence, calculate the area of triangle ABC. 

(ii) Show that 4𝑖 − 3𝑗 + 10𝑘 is normal to the plane ABC.  Hence find 
the equation of this plane. 

(iii) Write down a vector equation for the line through D 
perpendicular to the plane ABC and find the point of intersection 
of this line with the plane ABC. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[6 marks] 
 

[4 marks] 
 

[5 marks] 

(i)  𝐴𝐵 = √52 + (−2)2 = √29  

A1 

A1 

M1 

M1 {
 
 

 
 

𝑨𝟏 

M1 

A1 

A1 

A1 

B1 
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