
Section A [45 marks] 

 

Answer all questions in this section. 

 

1 The functions  f  and  g  are defined by  

𝑓: 𝑥 → 
1

2
ln 𝑥,    𝑥 > 0; 

                                                    𝑔: 𝑥 →   𝑥,         𝑥 ≥ 0, 

 

(a)  Sketch the graph of  f, and explain why the inverse function 𝑓−1 exists. [3 marks] 

(b)  Find 𝑓−1 and state its domain.    [3 marks] 

(c)  Find the composite function 𝑔 ∘ 𝑓−1 and state its range. [3 marks] 

                                                                                    

 

2 
Express  

2

4𝑟2−1
  in partial fractions.  [4 marks] 

Hence, express 𝑆𝑛 =   
2

4𝑟2−1
𝑛
𝑟=1   in its simplest form and find lim𝑛→∞ 𝑆𝑛 . [4 marks] 

 

3 

(a)  Given  𝐴 =  
𝑡 − 2 4 3

1 𝑡 + 1 −2
0 0 𝑡 − 4

 ,  find the values of  t  if A is a singular matrix.

 [4 marks] 

(b)  Matrices A and B are defined as: 

      𝐴 =   
𝑥 2 3
0 𝑦 1
𝑧 1 3

  ,   𝐵 =   
11 −3 −10
𝑥 0 −1
−4 𝑧 𝑦

  

      Given that AB is commutative, find the values of x, y and z.                       [5 marks] 

 

 

4 Given that 𝑦 =
𝑒−𝑥

 1+𝑥2 
 ,  show that  1 + 𝑥2 

𝑑𝑦

𝑑𝑥
+ 𝑦 1 + 𝑥 2 = 0.  [5 marks] 

 

 

5 The curve 𝑦 = 𝑥4 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐  intersects y-axis at the point (0, 10) and has 

stationary points at 𝑥 = 1 and 𝑥 = −2. Find the values of a, b and c. 

Find the coordinates of the stationary points and determine their nature.  [7 marks] 

 

 

6 Use a suitable substitution, show that  
𝑒𝑥

𝑒𝑥+1
𝑑𝑥 = 𝑙𝑛

𝑒+1

2

1

0
. 

Hence, show that  
1

1+𝑒𝑥 𝑑𝑥 = 𝑙𝑛
2𝑒

𝑒+1

1

0
 .  [7 marks] 

 

  



Section B [15 marks] 

 

Answer any one question in this section. 

 

1 Find the range of each of the following functions: 

a)      f : x  x
2
 – x, x  . [2 marks] 

b)      g : x  
xx 2

1
 , x  , x  0, x  1. [2 marks] 

On separate diagrams, sketch the graphs of f and g. [5 marks] 

Find 
 1

lim
x

g(x) and 
 1

lim
x

g(x). Hence, show that g is not continuous at x = 1. [3 marks] 

Determine if g is continuous or not at x = 0. [3 marks] 

 

2 Expand  1 − 𝑥 −𝑝 1 − 𝑥2 −𝑞  in ascending powers of x, up to and including the term in 

𝑥3.  [6 marks] 

 

(a)    If the first three terms in the above expansion are 1 − 2𝑥 +
10

9
𝑥2,  find the values  

         of  p and q.  

 [3 marks] 

(b)    If 𝑞 = −
1

8
 and the value of p is such that the coefficient of  𝑥2 has the smallest 

value, show that the coefficient of 𝑥3 in the above expansion is zero.  [6 marks] 

 

 

  END OF QUESTION PAPER 

 



SOLUTIONS 

Section A: 

1(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1(b) 

 

 

 

 

 

 

 

 

 

 

1(c) 

 

 

Given,            𝑓: 𝑥 →  
1

2
ln 𝑥,    𝑥 > 0; 

                      𝑔: 𝑥 →   𝑥,         𝑥 ≥ 0, 

 

 

 

 

 

 

 

From the graph of  f, it is seen that  f  is one-to-one and  𝑓−1 also is one-to-one, hence 

the inverse function 𝑓−1 exists.   

 

         𝑓 𝑥 =  
1

2
ln 𝑥 

       𝑙𝑒𝑡,   𝑦 =
1

2
ln 𝑥 

              2𝑦 = ln 𝑥 

             𝑒2𝑦 = 𝑥      

      𝑓−1 𝑥 = 𝑒2𝑥 , 𝑥 ∈ 𝑅 

 

       𝑔 ∘ 𝑓−1 = 𝑔𝑓−1 𝑥  

                    = 𝑔 𝑒2𝑥  

                    =  𝑒2𝑥  

                    = 𝑒𝑥    

       Range: 𝑅+                    

 

2 𝐿𝑒𝑡,      
2

4𝑟2−1
≡

𝐴

2𝑟−1
+

𝐵

2𝑟+1
     

                           2 ≡ 𝐴 2𝑟 + 1 + 𝐵(2𝑟 − 1) 

                          𝐴 = 1,    𝐵 = −1 

 

              
2

4𝑟2−1
=

1

2𝑟−1
−

1

2𝑟+1
       

 

𝑓 𝑥 =  
1

2
ln 𝑥 

𝑓−1 𝑥  

[2] 

[1] 

[2, 1] 

[2] 

[1] 

[1] 

[1, 1] 

[1] 



𝐿𝑒𝑡, 𝑓 𝑟 =
1

2𝑟 + 1
 

then, 𝑓 𝑟 − 1 =
1

2 𝑟−1 +1
 

                           =   
1

2𝑟−1
        [1] 

 

𝑆𝑛 =  
2

4𝑟2 − 1

𝑛

𝑟=1

 

      =    
1

2𝑟−1
−

1

2𝑟+1
 𝑛

𝑟=1    

      =  −  
1

2𝑛+1
−

1

0+1
            [1] 

       =  1 −
1

2𝑛+1
             [1] 

 

lim𝑛→∞ 𝑆𝑛 = 1         [1] 

 

3(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

3(b) 

 

𝐴 =  
𝑡 − 2 4 3

1 𝑡 + 1 −2
0 0 𝑡 − 4

  

 

det A =  
𝑡 − 2 4 3

1 𝑡 + 1 −2
0 0 𝑡 − 4

 = 0  (A is a singular matrix)     [1] 

 𝑡 − 2  
𝑡 + 1 −2

0 𝑡 − 4
 − 4  

1 −2
0 𝑡 − 4

 + 3  
1 𝑡 + 1
0 0

 = 0   [1] 

                    𝑡 − 2   𝑡 − 4  𝑡 + 1 − 4 𝑡 − 4 + 3(0) = 0 

                                                 𝑡 − 4  𝑡2 − 𝑡 − 2 − 4 = 0 

                                                           𝑡 − 4  𝑡 + 2  𝑡 − 3 = 0    [1] 

∴ 𝑡 =  −2, 3, 4   [1] 

 

𝐴 =   
𝑥 2 3
0 𝑦 1
𝑧 1 3

  ,   𝐵 =   
11 −3 −10
𝑥 0 −1

−4 𝑧 𝑦
  

 

AB = BA (AB is commutative) 

 

  
𝑥 2 3
0 𝑦 1
𝑧 1 3

  
11 −3 −10
𝑥 0 −1

−4 𝑧 𝑦
 =  

11 −3 −10
𝑥 0 −1

−4 𝑧 𝑦
  

𝑥 2 3
0 𝑦 1
𝑧 1 3

      [1] 

 

0 − 𝑦 + 𝑦 = 3𝑥 + 0 − 3    [M1] 

              3𝑥 = 3 

                𝑥 = 1    [1] 

 

11𝑥 + 2𝑥 − 12 = 11𝑥 + 0 − 10𝑧 

2𝑥 + 10𝑧 − 12 = 0 
When x =1 

2 1 + 10𝑧 = 12 

                   𝑧 = 1     [1] 



0 + 𝑥𝑦 − 4 = 𝑥2 + 0 − 𝑧 

When 𝑥 = 1 and 𝑧 = 1 

 1 𝑦 − 4 = 12 − 1 

              𝑦 = 4   [1] 

 

 

4 

 

 

 

 

 

 

 

𝑦 =
𝑒−𝑥

 1+𝑥2 
   

𝑦 1 + 𝑥2 = 𝑒−𝑥  …..(1) 

 

Differentiate (1) implicitly, 

2𝑥𝑦 +  1 + 𝑥2 
𝑑𝑦

𝑑𝑥
= −𝑒−𝑥   ……(2)     [2] 

 

Substitute (1) into (2) 

2𝑥𝑦 +  1 + 𝑥2 
𝑑𝑦

𝑑𝑥
= −𝑦 1 + 𝑥2   [1] 

 1 + 𝑥2 
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 + 𝑦 1 + 𝑥2 = 0 

 1 + 𝑥2 
𝑑𝑦

𝑑𝑥
+ 𝑦 𝑥2 + 2𝑥 + 1 = 0   [1] 

 

 1 + 𝑥2 
𝑑𝑦

𝑑𝑥
+ 𝑦 1 + 𝑥 2 = 0    (Shown)   [1] 

 

 

5 𝑦 = 𝑥4 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

When 𝑥 = 0, 𝑦 = 10,      
            𝑐 = 10        
𝑑𝑦

𝑑𝑥
= 4𝑥3 + 2𝑎𝑥 + 𝑏 

When 𝑥 = 1,                4 + 2𝑎 + 𝑏 = 0        ……(1) 

When 𝑥 = −2,     − 32 − 4𝑎 + 𝑏 = 0        ……(2) 

(1) - (2)                                       𝑎 = −6 

                                                    𝑏 = 8 

 

∴Stationary points are (1, 13) and (- 2, - 14)   

 
𝑑2𝑦

𝑑𝑥2 = 12𝑥2 − 12 

When 𝑥 = 1,     
𝑑2𝑦

𝑑𝑥2 = 0 

∴ (1, 13) is a point of inflexion. 

 

When 𝑥 = −2,     
𝑑2𝑦

𝑑𝑥2 = 36 > 0 

∴ (- 2, - 14) is a minimum point. 

 

 

[1] 

[1] 
[1] 

[1] 

[1] 

[1] 

[M1] 
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Section A [45 marks] 

Answer all questions in this section. 

1.  Solve the equations 

(a)  3݁ିଶ௫ + 2 − ݁ଶ௫ = 0.        [5 marks] 

 (b)  ln(ݔ + 2) = 2 +  [marks 3]        ݔ݈݊

 Give your answers correct to 3 decimal places. 

2.  Express 
14

2
2 r

in partial fractions.       [2 marks] 

Hence, express 



n

r
nS

1 14
4
2 r

 in its simplest form and find S .   [5 marks] 

3.   Solve the following system of linear equations using Gaussian elimination. 

     x – 2y +   z = 2 

   2x – 3y + 4z = 5 

    -x + 3y + 2z = 1        [7 marks] 

4.   Given xxy  )1( 2 , show that 222 )1( yx
dx
dyx       [4 marks] 

Hence, find the value of 
dx
dy when x=2      [3 marks] 

 

5.  Evaluate the definite integrals  

(a)   
7

0

3/11 dxxx          [4 marks] 

(b) 
1

0

2 dxex X           [4 marks] 



3 
 

6.   By using the substitution y = ux2, show that the differential equation ݔଶ ௗ௬
ௗ௫
− ݕݔ2 + 3 = 0   

may be  reduced to  ௗ௨
ௗ௫

= − ଷ
௫ర

.       [3 marks] 

 Hence, find the particular solution for y when x = ½ and y = 1.   [5 marks] 

 

Section B [15 marks] 

Answer any one question in this section. 

7.  Given p(x) = 3x 2 + 5x – 2 , x R. 

    (a) Express p(x) in the form of    a(x + b) 2 + c , with a, b and c as constants.  

         Hence, state the minimum value of p(x).      [3 marks] 

    (b) If p(x) is factor for polynomial (ݔ)ݍ = ସݔ3 + ଷݔ8 + ଶݔ݇ + ௞
ଶ
ݔ − 2, find k. 

          By using this value of k, find the real zeroes of q(x).    [5 marks] 

(c) Find the set values of x where  

(i) x [p(x)] > 0         [3 marks] 

(ii) x[q(x)] > 0         [4 marks] 

8. A function is defined by 
)1)(2(

)(



xx

xxf .  

(a) Show that f ’(x) < 0 for all values of x in the domain of f.   [5 marks] 

      (b) Sketch the graph of y = f(x).       

       State whether f  is a one-one function, give reason to your answer.  [5 marks] 

(c) Sketch the graph of y = )(xf .  

State the number of roots of the equations )(xf =2(x-1)   [5 marks] 

 

 

 

 

 

.    
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