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Section A [45 marks] 

Answer all questions in this section. 

1. Determine the set of values of x satisfying the inequality 

 

𝑥

𝑥 + 1
<

2

𝑥 + 2
 

                            [5 marks] 

 

2. (a) Show that, for 𝑟 > 0 , 

   

𝑟 − 3 +
1

𝑟 + 1
−

1

𝑟 + 2
=

𝑟3 − 7𝑟 − 5

(𝑟 + 1)(𝑟 + 2)
 

 

                                [2 marks] 

(b) Hence, prove by using the method of differences, that 

    

∑
𝑟3 − 7𝑟 − 5

(𝑟 + 1)(𝑟 + 2)
=

𝑛(𝑛2 + 𝑎𝑛 + 𝑏)

2(𝑛 + 2)

𝑛

𝑟=1

 

 

      where a and b are constants to be found.                            [5 marks] 

 

3. Consider the following system of equations 
  2𝑥 + 𝑦 + 6𝑧 = 0  

  4𝑥 + 3𝑦 + 14𝑧 = 4 
                                                             2𝑥 − 2𝑦 + (𝛼 − 2)𝑧 = 𝛽 − 12 

 

             where α and β are constants. 

(a) Write the augmented matrix for the system above and reduce it to row-echelon form. 

          [5 marks] 

(b) Determine the values of α and β such that the system has  

(i) no solution, 

(ii) a unique solution.                             [3 marks] 

 

4. (a) Find the roots of the equation  𝑧4 = 8(√3 + 𝑖) in Cartesian form.             [6 marks] 
(b) Show these roots on an Argand diagram.                 [2 marks] 
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5. The equation of the tangent to the ellipse 
 

𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 

 

at any point ( 𝑎 𝑐𝑜𝑠𝜃, 𝑏 sin 𝜃) on the ellipse is given by   

 
𝑥

𝑎
𝑐𝑜𝑠𝜃 +

𝑦

𝑏
𝑠𝑖𝑛𝜃 = 1 

 
(a) Tangents are drawn to the ellipse at the points  ( 𝑎 𝑐𝑜𝑠𝛼, 𝑏 sin 𝛼) and ( 𝑎 𝑐𝑜𝑠𝛽, 𝑏 sin 𝛽).  

The tangents are perpendicular. Show that   

tan 𝛼 tan 𝛽 = −
𝑏2

𝑎2
 

                    [4 marks] 

(b)  A line joins P ( 𝑎 𝑐𝑜𝑠𝜃, 𝑏 sin 𝜃) to the fixed point S ( a, 0) on this ellipse. As 𝜃 varies, find the 

cartesian equation of the locus of the midpoint of the chord PS.             [5 marks] 

 

                                                                                                                                 

6. The lines 𝑙1 and 𝑙2 have equations 𝑟 = (
5

−3
𝑝

) + 𝑠 (
0
1

−3
) and 𝑟 = (

8
5

−2
) + 𝑡 (

3
4
−5

) respectively, 

where s and t are parameters and p is a constant. 

 

The lines 𝑙1 and 𝑙2 intersect at the point A.                  

(a) Find the coordinates of A.                  [2 marks] 

(b) Find the value of the constant p.                    [3 marks] 

(c) Find the acute angle between 𝑙1 and 𝑙2, giving your answer in degrees to 2 decimal places.  

          [3 marks] 
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Section B [15 marks] 

Answer any one question in this section. 

7. (a) Express 2𝑠𝑖𝑛𝜃 − 1.5𝑐𝑜𝑠𝜃 in the form 𝑅𝑠𝑖𝑛(𝜃 − 𝛼), where 𝑅 > 0 and 0 < 𝜃 <
𝜋

2
 . 

      Give the value of 𝛼 to 4 decimal places.                            [3 marks] 

(b) (i) Find the maximum value of  2𝑠𝑖𝑛𝜃 − 1.5𝑐𝑜𝑠𝜃. 

                 (ii) Find the value of θ, for 0 ≤ 𝜃 < 𝜋, at which this maximum occurs.             [3 marks] 

 Majid models the height of sea water, H meters, on a particular day by the equation  

    

𝐻 = 6 + 2𝑠𝑖𝑛 (
4𝜋𝑡

25
) − 1.5𝑐𝑜𝑠 (

4𝜋𝑡

25
) , 0 ≤ 𝑡 < 12, 

 where t hours is the number of hours after midday.  

(c) Calculate the maximum value of H predicted by this model and the value of t, to 2 decimal 

places, when this maximum occurs.               [3 marks] 

(d) Calculate, to the nearest minute, the times when the height of sea water is predicted by this 

model to be 7 meters.                             [6 marks] 

 

8. A tetrahedron has vertices A (1, 2, 1), B (0, 1, 0), C (2, 1, 3) and D (10, 5, 5). 

Find 

a) a Cartesian equation of the plane ABC.                [4 marks] 

b) the volume of the tetrahedron ABCD.                 [4 marks] 

The plane p has equation 2𝑥 − 3𝑦 + 3 = 0 . 

The point E lies on the line AC and the point F lies on the line AD. 

Given that p contains the point B, the point E and the point F, 

c) find the value of k such that 𝐴𝐸⃗⃗⃗⃗  ⃗ = 𝑘𝐴𝐶⃗⃗⃗⃗  ⃗ .                      [4 marks] 

 

d) Given that 𝐴𝐹⃗⃗⃗⃗  ⃗ =
1

9
𝐴𝐷⃗⃗ ⃗⃗  ⃗, show that the volume of the tetrahedron ABCD is 45 times the volume 

of the tetrahedron ABEF.                        [3 marks] 
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1 Determine the set of values of x satisfying the inequality 

                             

                                         
2

1 2


 

x

x x
                                                           [5 marks] 

 

Solution :    

                             
2

1 2


 

x

x x
 

        

2

2
0

1 2

( 2) 2( 1)
0

( 1)( 2)

2
0

( 1)( 2)

 
 

  


 




 

x

x x

x x x

x x

x

x x

 

For number  line :  

2 2 0, 1 0, 2 0

( 2)( 2) 0, 1, 2

2, 2

     

      

  

x x x

x x x x

x x

 

 

Solution =  : 2 2 1 2      x x or x  

 

 

 

 

 

 

M1 

 

A1 

 

 

M1 

 

 

 

 

 

 

 

 

 

A1A1 
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2 (a) Show that, for 0r   , 

  
31 1 7 5

3
1 2 ( 1)( 2)

r r
r

r r r r

 
   

   
                                     [2 marks] 

                            

(b) Hence, prove by using the method of differences, that 

                            
3 2

1

7 5 ( )

( 1)( 2) 2( 2)

n

i

r r n n an b

r r n

   


  
  

 

     where a and b are constants to be found.                                        [5 marks] 

Solution : 

(a) 
1 1 ( 3)( 1)( 2) ( 2) ( 1)

3
1 2 ( 1)( 2)

      
   

   

r r r r r
r

r r r r
             

                              

2

3 2 2

3

( 3)( 3 2)) ( 2) ( 1)

( 1)( 2)

3 2 3 9 5

( 1)( 2)

7 5

( 1)( 2)

      


 

    


 

 


 

r r r r r

r r

r r r r r

r r

r r

r r

            

(b) 

3

1 1

7 5 1 1
3

( 1)( 2) 1 2 

   
        

 
n n

r r

r r
r

r r r r
 

                               

 

1

1 1

1

2

1 1
3

1 2

1 1
3

2 1

1 1
3

2 2

1 1 1
( 1) 3

2 2 2

( 3 9)
3, 9

2( 2)



 



 
      

 
      

 
     

    


 
     





 



n

r

n n

r r

n

r

r
r r

r
r r

r n
n

n n n
n

n n n
a b

n

 

 

 

 

 

 

 

 

 

 

 

M1 

 

 

 

A1 

 

B1 

 

 

M1 

 

M1 

M1 

A1 
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3 Consider the following system of equations 

                                
2 6 0

4 3 14 4

2 2 ( 2) 12

x y z

x y z

x y z 

  

  

    

 

  where α and β are constants. 

(a) Write the augmented matrix for the system above and reduce it to row-echelon 

form.                                                                                                           [5 marks] 

(b) Determine the values of α and β such that the system has  

(i) no solution, 

(ii) a unique solution.                              [3 marks] 

 

Solution : 

(a) 

2 1 6 0

4 3 14 4

2 2 2 12 

 
 
 
    

 

2 1 2

3 1 3

3 2 3

2 1 6 0
2

0 1 2 4

0 3 8 2

2 1 6 0

3 0 1 2 4

0 0 2

 

 

 
    

        

 
 

 
 
  

R R R

R R R

R R R

 

 

(b) (i) 2 0 2, 0        

     (ii) 2   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B1 

 

 

 

M1 

M1 

 

 

 

 

M1 

A1(all 

correct) 

 

 

A1A1 

 

A1 
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5 The equation of the tangent to the ellipse 

                                  
2 2

2 2
1

x y

a b
   

 

at any point ( cos , sin )a b   on the ellipse is given by   

                       cos sin 1
x y

a b
    

 

(a) Tangents are drawn to the ellipse at the points ( cos , sin )a b  and 

( cos , sin )a b  .The tangents are perpendicular. Show that   

                     
2

2
tan tan

b

a
                                                            [4 marks] 

                   

(b)  A line joins P ( cos , sin )a b   to the fixed point S (a, 0) on this ellipse. As  

varies, find the cartesian equation of the locus of the midpoint of the chord PS. 

                                                                                                  [5 marks] 

 

Solution : 

(a) tangent at( cos , sin ) : a b  

cos sin 1

sin cos 1

cos 1
sin

cot
sin

x y

a b

y x

b a

b x
y

a

b b
y

a

 

 







 

  

 
   

 

  

 

Gradient of tangent at( cos , sin ) : a b   : 
1 cot 

b
m

a
 

Gradient of tangent at( cos , sin ) : a b   : 
2 cot  

b
m

a
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

M1 

 

 

A1 
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6 

The lines 
1

l  and 
2l  have equations 

5 0

3 1

3

r s

p

   
   

  
   
      

and 

8 3

5 4

2 5

r t

   
   

 
   
       

respectively, where s and t are parameters and p is a constant. 

 

The lines 
1

l  and 
2l  intersect at the point A.                  

(a) Find the coordinates of A.                   [3 marks] 

(b) Find the value of the constant p.                     [2 marks] 

(c) Find the acute angle between 
1

l  and 
2l , giving your answer in degrees to 2 

decimal places.                                                                                           [3 marks] 

 

Solution : 

1 2

5 0 8 3

: 3 1 : 5 4

3 2 5

l r s l r t

p

       
       

    
       
                

 

(a)               

5 0 8 3

3 1 5 4

3 2 5

       
       
   
       
                

s t

p

 

                    

5 8 3

3 5 4

3 2 5

5 8 3 1

8 3( 1) 5

5 4( 1) 1 (5, 1, 3)

2 5( 1) 3

   
   
   

   
        

    

    
   

    
   
        

t

s t

p s t

t t

A

 

(b)      3 5 4( 1) 4      s s  

          3(4) 2 5( 1) 15      p p  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

M1 

 

 

 

M1 

 

A1 

 

M1 

A1 
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